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Adaptive Output Feedback Control for Miniature Unmanned Aerial Vehicle
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Abstract— In this paper, we address output feedback control
problem for miniature unmanned aerial vehicle (MUAV). We
first design state feedback based nonlinear control by assuming
that states are available for feedback. Then, we use observer to
estimate the velocity signals to develop output feedback based
nonlinear controller for MUAV. The convergence condition
with output feedback design is given by Lyapunov method.
The analysis shows that the performance achieved under state
feedback can be recovered by using output feedback as the
values of observer gain converges to zero. Evaluation results
are presented to demonstrate the validity of the theoretical
argument of the proposed design for real-time applications.

is used to analyze the singularly perturbed slower and faster
subsystem. It is shown in our analysis that the performance
achieved with state feedback design can be recovered by
using output feedback design provided that the observer
dynamics are faster than the closed loop system dynamics.
Evaluation results on quadrotor UAV are given to validate
the effectiveness of the proposed design for real-time applications.
This paper is organized as follows. The dynamical model
of the MUAV is given in section II. Section II also develops
output feedback based nonlinear control algorithm. Evaluation results are given in section III. Finally, conclusion is
given in section IV.

I. I NTRODUCTION
Over the past decade, various autonomous flight tracking
system have been proposed for MUAV in the literature. These
designs can be divided into two categories as classical and
nonlinear flight control system. Classical PID, LQR and
other model based designs can be found in [1, 4, 5, 8,
10, 13, 23, 19, 25]. Since the classical designs cannot cope
with uncertainty, nonlinear control technique has also been
used for developing autonomous flight tracking system for
MUAV [2, 3, 6, 9, 11, 12, 13, 15, 16, 17, 18, 20, 26, 27,
28, 29, 30, 31, 32, 35, 36, 37, 38, 39, and many others].
These designs can be used to deal with stability and tracking
control problem of MUAV against bounded uncertainty.
However, most reported designs are required to have the
full state measurement of the linear and rotational dynamics
which may not be realistic in real-time applications. On
the other hand, measurements may be corrupted with severe
noise restricting practical applications due to the presence of
chattering phenomenon. To deal with this problem, authors in
[21] proposed observer based control technique for MUAV.
The design was motivated based on the method developed
in [23, 24]. The drawback of such observer can be found in
[22].
In this paper, we propose output feedback based nonlinear
control strategy for MUAV system. The design has two steps.
In the first step, the states are assumed to be available
for feedback and design state feedback based nonlinear
control for MUAV system. Then, observer is used to estimate
unknown velocity states and design output feedback based
control for MUAV. Lyapunov method is used to design
and analyze the convergence property of the closed loop
dynamics. For output feedback design, separation principle

II. DYNAMICAL M ODEL , A LGORITHM D ESIGN
S TABILITY A NALYSIS

Before developing output feedback based nonlinear control
algorithm, let us introduce dynamical model of the quadrotor
UAV system. The detail MUAV model can be found in [12,
13, 35, 36, 38]. The motion dynamic of quadrotor UAV
system can be written as
K̈
Θ̈

=
=

βUL − C K̇ − δl
MU − ηD(Θ, Θ̇) − ξ Θ̇ − BΘ̇ × BI Θ̇

(1)

−BΘ̇ × Σ4i=1 Ir ωl

(2)

T −1

−1

where M = (IB) , η = B−1 , β = mRt
, m
denotes the mass of the vehicle, C = m−1 L, L =
diag [Ld1 , Ld2 , Ld3 ], δl = N g, N = [0, 0, 1]T , g = 9.81 sm2 ,
Ir is the inertia of the rotor, ωi are the angular velocities
of the rotor, ξ = I −1 M , I = diag[Ix , Iy , Iz ], M =
diag [M1, M2 , M3 ], Θ(t) = [φ(t) θ(t) ϕ(t)]T represents
the attitude of the vehicle, K(t) = [x(t) y(t) z(t)]T denotes
the position of the vehicle, V (t) = [V1 (t) V2(t) V3(t)]T defines translational velocity and Ω(t) = [Ω1(t) Ω2(t) Ω3 (t)]T
represents rotational velocity,


CφCϕ Sφ Sθ Cϕ − Cφ Sϕ CφSθ Cϕ + Sφ Sϕ
Rt =  Cθ Sϕ Sφ Sθ Sϕ + Cφ Cϕ CφSθ Cϕ − Sφ Sϕ 
−Sφ
Sφ Cθ
Cφ Cθ


1
0
B =  0 Cφ
0 −Sφ


−Sθ
Cθ Sφ 
Cφ Cθ

(3)

with sin(.) and cos(.) represented by S(.) and C(.), respectively.
Let us first assume that the states of the linear and angular
dynamic are measurable. Then, we design state feedback
based flight tracking control system. The goal is to develop
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state feedback controller such that the actual linear and
angular states converge to the desired linear and angular
states. The linear and angular dynamical error model can
be presented by the following state space equation

MUAV. To develop that, we define y1 = K, y2 = K̇, y3 = Θ
and y4 = Θ̇. Then, we can write the dynamical model (1),
(2) in state space form as
(10)

ė1

= e2 , ė2 = −βUL + δl + Cx2 − Ha + ẍ1d

(4)

ė3

= e4 , ė4 = −MU − Πt + ẍ3d

(5)

ẏ1
ẏ3

with W1(y2 , UL ) = βUL − Cy2 − γ − Ha and
W2 (y3 , y4, U ) = MU + Πt . The following observer is used
to estimate the linear and angular velocity of the vehicle
dynamic

where Πt = A(x3, x4) + Hb , A(x3 , x4) = −ηD(x3 , x4) −
ξx4 −Bx4 ×BIx4 −Bx4 Σ4i=1 Ir ωi , x1 = K, x2 = K̇, x3 = Θ,
x4 = Θ̇, x1d = Kd , x2d = K̇d , x3d = Θd , x4d = Θ̇d with
Kd = [xd , yd , zd ]T , Θd = [φd, θd , ψd ]T , e1 = (x1d − x1),
e2 = (ẋ1d − ẋ1), e3 = (x3d − x3), e4 = (ẋ3d − ẋ3 ).
Then, we propose the following state feedback control
algorithm for linear dynamic
UL

=

ul

=

β −1 (ẍ1d + kd x2 + λL e2 + δl + kL SL − ul )(6)
˙
θ̂1 sign(SL ), θ̃ 1 = −Γ1 signT (SL )SL
(7)

ua

= M−1 (ẍ3d + λA e4 + kA SA − ua )
˙
= θ̂2 sign(SA ), θ̃2 = −Γ2 signT (SA )SA

ŷ˙ 1

=

ŷ˙ 3

=

H1
H2
(y1 − ŷ1 ), ŷ˙ 2 = 2 (y1 − ŷ1 )
l
l
H3
H
4
ŷ4 +
(y3 − ŷ3 ), ŷ˙ 4 = 2 (y3 − ŷ3 ) (11)
a
a
ŷ2 +

with small constant l > 0 and a > 0. Then, the observer
error dynamic can be written as

where θ̃1 = (θ1 − θ̂1 ), kd = diag[kd1, kd2, kd3], λL =
diag[λLx , λLy , λLz ], kL = diag[kL1, kL2, kL3], UL =
[Ulx , Uly , U1]T , sign(SL ) = diag[sign(SLx ), sign(SLy ),
sign(SLz )], sign(.) is the sign function, θ̂1 is the estimate of
θ1 , Γ1 = diag[Γ1a, Γ1b, Γ1c] with Γ1i > 0 and i = (a, b, c),
SL = (e2 + λL e1 ) with positive definite constant diagonal
matrices λL . It is assumed that desired tasks Kd and their
first, second and third derivatives are assumed to be bounded.
The term Ha is also assumed to be bounded as kHa k ≤ θ1
with θ1 = [θ1a, θ1b , θ1c]T .
We then introduce the following attitude control algorithm
for rotational dynamic
U

= y2 , ẏ2 = W1 (y2 , UL )
= y2 , ẏ4 = W2 (y3 , y4, U )

ẽ˙ 1

=

ẽ˙ 3

=

H1
H2
ẽ1 , ẽ˙ 2 = W1(ŷ2 , ÛL ) − 2 ẽ1 ,
l
l
H3
H4
ẽ4 −
ẽ1 , ẽ˙ 4 = W2(ŷ3 , ŷ4 , Û) − 2 ẽ3 (12)
a
a
ẽ2 −

with ẽ1 = (y1 − ŷ1 ), ẽ2 = (y2 − ŷ2 ), ẽ3 = (y3 − ŷ3 ) and
ẽ4 = (y4 − ŷ4 ). Using (11), we design the following output
feedback based nonlinear control for the linear and angular
dynamic of the vehicle


ÛL = β −1 ẍ1d + kd x̂2 + λL ê2 + δl + kL ŜL − ûl

Û

˙
= θ̂1 sign(ŜL ), θ̃1 = −Γ1 signT (ŜL )ŜL


= M−1 ẍ3d + λA ê4 + kAŜA − ûa

ûa

˙
= θ̂2 sign(ŜA ), θ̃2 = −Γ2 signT (ŜA )ŜA

ûl

(8)
(9)

where θ̃2 = (θ2 − θ̂2 ), λA = diag[λA1, λA2, λA3 ], kA =
diag[kA1, kA2, kA3], Γ2 = diag[Γ2a, Γ2b, Γ2c] with Γ2i >
0 and i = (a, b, c), U = [U2 , U3, U4 ]T , sign(SA ) =
diag[sign(SAφ ), sign(SAθ ), sign(SAψ )], θ̂2 is the estimate
of θ2 , SA = (e4 + λA e3 ) with positive definite constant
diagonal matrices λA . The design is assumed that desired
tasks Θd and their first, second and third derivatives are
assumed to be bounded. The term Πt is also assumed to
be bounded as kΠtk ≤ θ2 with θ2 = [θ2a , θ2b, θ2c]T and
kHbk ≤ θo . Then, we can state the following Theorem 1.
Theorem 1: There exists positive definite constant diagonal
matrices kA , kL, kd , λA , λL , Γ1 and Γ2 such that the
linear and angular error states in the closed loop systems
formulated by equation (4)-(9) are bounded and their bounds
asymptotically converge to zero.
Note that the result presented in above Theorem assumes
that full states measurement of the linear and angular dynamic are available for feedback. However, full state measurements of the vehicle dynamic may not be available or
difficult to realize for real-time implementation. In this work,
we propose to use observer to estimate unknown velocity signals of the linear and angular dynamics and develop output
feedback based nonlinear flight tracking control system for
319

(13)

(14)

Using new variables l η1 = ẽ1 , η2 = ẽ2 , a η3 = ẽ3 and η4 =
ẽ4 , we can re-write the observer error model in singularly
perturbed form as
l η̇l
a η̇a

=
=

Al ηl + l Bl Wl (el , l , ηl )
Aa ηa + a Ba Wa (ea , a, ηa )
T

(15)

where ηl = [η1, η2] , ηa = [η3, η4] , el = [e1 , e2 ]T ,
ea = [e3 , e4 ]T , e1 = (y1d − y1 ), e2 = (y2d − y2 ), e3 =
(y3d − y3 ), e4 = (y4d − y4 ) with y1d = Kd , y2d = K̇d ,
−H1 In×n
y3d = Θd and y4d = Θ̇d , Al =
, Aa =
−H2 0n×n



−H3 In×n
0n×n
, Bl = Ba =
. Then, the closed
−H4 0n×n
In×n
loop system with output feedback control algorithm together
with observer can be written as
ėl
ėa

=
=

T

Wls (el , l , ηl)
Was (ea , a , ηa)

(16)

where Wls (el , l , ηl )
=
[e2 ; Wl (el , l , ηl )] and
Was (ea , a , ηa) = [e4 ; Wa(ea , a, ηa)]. Then, we can
state the following results for output feedback based design.
Theorem 2: There exists positive definite constant diagonal
matrices kA , kL, kd, λA , λL , Γ1 and Γ2 such that all the
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Fig. 1.

Position tracking errors in indoor flying environment under nonlinear robust adaptive control algorithm.

nonlinear output feedback design in the presence of given
bounded uncertainty. The results are presented in Figs. 1 to
3. The position tracking errors are given in Fig. 1. Fig. 2
shows the time history of the attitude tracking error. The
control inputs profile are shown in Fig. 3. From Figs. 1 to
2, it is noticed that the position and attitude dynanmic of
the quadrotor UAV oscillates (from 5 sec. to 15 sec.) due
to the presence of the input disturbances. The oscillation of
the position and attitude dynamics damped out quickly as
soon as the disturbance disappeared. The design achieves
good tracking performance due to faster response of the
inner-loop control design. As a result, the tracking error
for both position and attitude dynamics converge quickly
closed to zero once the disturbance is vanished. Notice also
that the control inputs exhibit small chattering phenomenon
with smaller values of steady state tracking error due to
the presence of the sgn() function and measurement noise
associated with the inertial measurement unit. This chattering
phonemnon can be removed by estimating sgn() function
through tanh() with the small values of o1 and o2 .

error states in closed loop system (16) with the control input
(13), (14) are bounded and their bounds converge to the
bound achieved under state feedback based design (6)-(9)
as l → 0 and a → 0.
III. E VALUATION R ESULTS
Let us now implement the proposed design on commercial
quadrotor UAV system [1]. We decompose proposed control
design into two loops as inner and outer loop. The altitude
of the vehicle is measured by barometric pressure sensor. To
measure the position of the vehicle in indoor scenario, we
use visual tracker provided by Phonenix Technologies Inc.
The angular velocity of the vehicles is obtained by using
onboard gyroscope. The barometric pressure sensor is used
to measure the height of the vehicle. The physical parameters
and details about the platform can be found in [1]. The
desired trajectories for xd , yd and ψd are chosen as the output
response of the following transfer function
G(s)

=

1
(s + 1)

6

(17)

The desired trajectory for take-off, cruise flight and landing
flights is also generated by above transfer function. The
desired roll and pitch trajectories φd and θd are designed by
using virtual control input vectors Ulx and Uly . To examine
the robustness of the proposed design, the bounds on Ha and
Πt are considered as Ha = Πt = 25sin(t) from 5 sec. to 10
sec. Then, the control design parameters are selected as kd =
diag(5, 5, 5), λA = diag(20, 20, 20), kL = diag(3, 3, 5),
Γ1 = diag(0.005, 0.005, 0.005), kA = diag(80, 80, 80),
Γ2 = diag(80, 80, 80) and λL = diag(2.5, 2.5, 5). The
observer design parameters are chosen as Hi = 10I3×3
with i = 1, 2, 3, 4, l = 0.005 and a = 0.005. The
design parameters are selected by increasing their values
from zero to until small variation with tracking performance
is observed.
With this above set up, we now implement the proposed

IV. C ONCLUSION
In this paper, we have adressed output feedback based
nonlinear adaptive control problem for MUAV system. First,
we have designed state feedback based control provided
that all the states of the vehicle dynamic are available for
feedback. Then, observer used to estimate the unknown states
in linear and angular dynamic to develop output feedback
nonlinear tracking control system. Convergence analysis has
been given by using Lyapunov method. It has been shown
in our analysis that the tracking performance with state
feedback design can be recovered asymptotically by output
feedback based design. Evaluation results on quadrotor UAV
have been used to illustrate the theoretical development of
the proposed design.
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Attitude tracking errors in indoor flying environment with nonlinar robust adaptive control.
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